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Chapter:

Posels & Latfices

Partially Ordered sets (Posets)

Partial Order

Partially Ordered Set

(Poser)
Example 1:
Example 2:
Try it yourself:
Problem |-
Problem 2:
Note:
Note:
Comparable
Note:
Linearly ordered set
Linear order
Chain
®
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A relanon R onset A is called a partial order if R is reflexive, antisymmetric
and tnsitive.

The set A together with the partial order R is called a partially ordered set,
or poset
It 1s denoted as (A_R).

Identify whether each of the following relations is a partial order or not.
& on set A which is a collection of subscts of a set S.

<onsetZ’

dnasibility on Z°

<onZ’

On the set A ={a,b.c}. find all partial orders < in which a<b.

Determune whether the relation R is a partial order on set A.

(a) A=Z.and aRb if & only if a=2b.

(b) A=Z. & aRb 1if & only if bja.

(c) A=Z. & aRb if & only if a=b* for some keZ".

(d) A=R (real number set) & aRb if & only if a<b.
What can you say about the relation R on a set A if R is a partial order & an
equivalence relation?

If R is a partial order then R™! too is a partial order.
Thus (A.R") 15 called the dual of the poset (A,R), & the partial order R*! is
called the dual of the panial order R.

Further in this chapter < shall be used to signify any relation R which is a
parual order. Do not confuse yourself in treating this as the actual relation
<onZ

If (A.<) is a poset, the elements a & b of A are said to be comparable if
a<borb<a

In a partially ordered set every pair of elements need not be comparable,

If every pair of clements in a poset A ie. (AR) is comparable, we say that
A is a linearly ordered set, & the parual order is called a linear order. We
also say that A is a chain.

¢.8. The poset (<Z°) is linearly ordered,
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Theorem |:

Product Partial
Order

Try it yourself:
Problem 3:

Lexicographic
ordering

Example 3:

Try &t yourself:
Problem 4:

Problem 5:

Theorem 2:

novkokhd

If (A.<) & (B,) are posets, then (AXB <) is a poset, with partial order <
defined as

(ab)<(a'b’)ifa<a’ in A & b<b inB

The partial order < defined on the Cartesian product AXB as above is called
the product partial order.

Determine whether the relation R is a linear order on the set A.
(a) A=R & aRb 1f & only if a<b
(b) A=R & aRb if & only if a>b
(¢) A=P(S), where S 1s a set. The relation R is set inclusion.
(d) A=RXR & (ab)R(a'b’) if & only if a<a’ & b<b’, where < is the
usual partial order on R.

Lexicographic ordering or dictionary ordening:

If (A.<) 1s a poset then a<b 1s defined if a<b. but azb.

Suppose (A.<) & (B.<) are posets. then the product partial order on AXB

can be defined as in Theorem |,

Another useful partial order on AXB, denoted by ~, 1s defined as follows:

(ab) =~ (a.b)if a<a’ or a=a’ & b<b’ Thus 1s called lexicographic or
dictionary order. The ordering of the elements in the first coordinate
domunates. except in case of ties, when attention passes on to the second
coordinate.

If (A.<) & (B.<) are lincarly ordered sets, then the lexicographic order <

on AXB i1s also a linear order.

Lexicographic ordering 1s easily extended to Cartesian products
AIXAX.  XA; as follows:

(@nax........an) = (2., .......a") if & only if

a) <a; or

a=a;’ & ax<ax’ or

ar=a;’ & a:=a;’ & as<as’ or

ar=a;. ar=a,........., an.1 = a'n1 & an<a,’

Thus the first coordinate dominates except during equality, in which case
we consider the second coordinate. If equality holds again then we pass on
1o the next coordinate. & so on.

Let S={ab.c,..........z}, linearly ordered in the usual way (ab b<c.....y<z),
then what is S* & how 1s lexicographic ordering done on S". What is S* &
how is lexicographic ordering done on S$*.

Let A=Z"XZ" have lexicographic order. Mark each of the following as true
or false.

(@) (15,92) < (12,3) (b) 4.8) = (4.6)

(©) (3.6) < (3.24) (d) (2.12) < (5,3)

Let A={n. AB,C.E,O.M.P,S} have the usual alphabetical order, where o
represents a blank character & o<x for all xeA. Arrange the following in
lexicographic order,

The digraph of a partial order has no cycles of length greater than 1.
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Hasse Diagrams

Construction of Stepl: Draw the chagraph of the partial order. (It has cycles of length 1), (/

Hasse diagram @A
A »

v (x

Let A={1.2,3.4,12}. Consider the partial order of divisibility on A & draw

Example 4:
the Hasse diagram for the same.

Example 5: Let S={ab.c} & A=P(S) Draw the Hasse diagram of the poset A with the
partial order = Is this a linearly ordered set?

Step 2: Delete all the cycles from the diagraph
Note: If (A.<) is a poset. then (A >) is the dual poset. The Hasse diagram of (A,2)

is the Hasse diagram of (A.<) turned upside down.

Example 6: Describe the ordered pairs in the relation determincd by the hasses diagram
'\ on the set A.
‘m A={1,23.4} L\

¢ 1

:

| . - > :

Step 3: Delete all the edges that imply transitive property. ieifa<h & b<c -
then delete a<c. B s
g S

#(© i :

:E cod

g ‘ -

2 Try it yourself: é

Problem 6: A={12,34}

z R={(l.l),(l.2).l’2.2).(2.4).(1.3).(3,3).(3,4).(1.4).(4.4)} &

3 Draw its Hasse diagram. =

= Problem 7: A={ab.c.dec} f‘:'

| ' 5 R={(2.2).(b.).(¢.€)-(2.0).(c.d).(c,¢).(a,d).(d.d).(2,6).(0.0).0.d).(b.€).(.C) 3

Step 4: Draw the digraph with all edges pointing upwards, so the arrows are Draw its Hasse diagram. :
omutied from the diagraph. g Problem 8: Determing the ordered pairs of the relation whose Hasse diagram is: =
k= £

g Y g

: y v
i ki
a =
8 L g
E
Problem 9: Determine the Hasse diagram for the following dia h =

] ‘ . = gram for the following diagraph.

Step 5: Replace all the circles representing vertices by dots. a §
=

® ®
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Problem 10:

Problem 11:

Problem 12:

NovAokA®
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Determine the Hasse diagram for the following diagraph:

5

§

5

=]

=

g

é

Determine the Hasse diagram of the relation on A={1,2,3,4,5} whose matrix E

is shown: ]
@ ]

v b

L £

po ! U] E

bpo | 5

0o 00! .

=

®) y o 1! é’

| | It

p V! z

) O y | 2

oDV O i

O o Q | g

Determine the matrix of the partial Ofder whose Hasse diagram is given as 5

(a) ]

5
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Topological Sorting

Topological Sorting If A is poset with partial order <& wc want to find a lincar order = for the
set A that will merely be an extension of the given partial order in the sense
that if a<b, the a <b. The process of creating a linear order such as < is

called topological sorting.
Give a topological sorting for the poset whose Hasse diagram is:

7:

Example .

ot

2

2

e J :

:g

C. g

b 2

I._“

5

o

Try it yourself: 2
Problem 13: Draw the Hasse diagram of a topological sorting of the given poset: =
(a) g (b) =z

2

& £

5 ‘ :

ke } é

=

; g
, 8
Example 8: Show that if R is a linear order on the set A, then R™' is also a linear order E
on A. _«._‘.
E
-]

.®
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5 lation R on set A is called a quasiorder if it is transitive & irreflexive ‘
Example s lfc:tAiP(S) be the power set of S. & consider U & T & A then URT if and CL L 7

only if U T (proper comtamnment). Show that R is a quast - order.
Try it yourself: . /s
Prbblém 14: Let A={xIx is a real number & -§ <X < 20}. Show that the usual relation < X

is a quasionder on A,

If R 15 a quasiorder on A show that R™! is a quasiorder. :

/ Q

Problem 15: » _
Problem 16: Let B ={2.3.6.9.12.18 24} & let A=BXB. Define the following relation on
A (ab) < (a.b)if & onlyifaja’ & b<b’, where <is the usual partial order.

Show that = 1s a pamal order.
Let A be a poset of nonnegative real numbers with the usual partial order <.

Example 13:
Find its minimal & maximal elements.

Isomorphism
Isomorphism & Lot (A & (A'.X) be poscts & let f A DA’ be a one - to — one
Isomorphic posets correspondence between A & A”. The function f is called an isomorphism ) )
R from (A9 1o (A'.<") if. forany a& b in A, Theorem: Let A be a finite nonempty poset with thevpartmll order < Then A has at least
a<d if & only if fa)<'f(b). one maximal element & at least one minimal element.
If f:A-> A is an isomorphism, we say that (A.<) & (A’.<’) are isomorphic
posets. Try it yourself:
Problem 19: Determine all maximal & minimal elements of the poset:
FExample 10: Let A be the set Z~ of positive integers, and let < be the usual partial order (a) I .
on A Let A be the set of positive even integers, and let <* be the usual > (C)
partial order on A" Is the function f : A>A’ given by f(a)=2a an
1somorphism from (A.<) to (A’',X). ? E"
Note: Two finite 1somorphic posets must have the same Hasse diagram. E (2/ 0\ 3
- -
s a
Example 11: Let A={1.2.3.6} & let < be the relation | (divides). Let A’ =P({a,b}) & let = -
<’ be set containment, <. If f: A> A’ then is f an isomorphism. 2 ) 2
i > b C 3
Try it yourself: & A
Problem 17: Let A={1.2.3.5.6.10.15.30} & consider the partial order < of divisibility on :; E
A That is, define a<b to mean that ajb. Let A’=P(S), where S={e.f.g}.be 32 ® \'\ E /)f
= ) @ ]

navlakhi.tv
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if there is no element ¢ in A such that a<c.
Minimal element If < is the usual partial order then b £ A is called a minimal element of A if
there is no element ¢ in A such that ¢<b.
Note: If (A,<) is a poset, then its dual poset (A.>) is obtained by inverting the
Hasse diagram of A. Thus, a € A is 2 maximal element of (A.>) if & only if
a rﬁv a l;_mmm.al elelment of (A.<). Also, a is a minimal element of (A,>) if &
ol i i
v if it is 2 maximal element of (A.<). Problem 20: Find the maximal & minimal elements of the following poset:

>/‘\
the poset with parual order . Show that (A.<) & (A’, &) are isomorphic. =
Problem 18: Let A={1.2,4.8} & let < be the partial order of divisibility on A. Let A’ =
£0,1.2,3} & let <" be the usual relation “less than or equal to” on integers. & a
Show that (A.<) & (A".<’) are isomorphic posets.
Extremal Elements of POSETS :
Mavximal element If < is the asual partial order then a & A is called a maximal element of A Q

S
-
navlakhi.education
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’ . ; o ] =R wi usual parti
S ;il?gnu: ;:,lﬁ)::m & minimal elements of poset A whose Hasse diagram is 8 g; 2'&&2 ;hrial number ?&l 8"36; fl} with the usual partial order < g
’ s " =1 = Sy ol
é (¢) A={x|x is a real number & 0< x <1} with the usual partial order <, é
E (d) A={2,3,4,6,8.24 48} with the partial order of divisibility. 3
-]
®
o i >
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Greatest & Least
element

Example 14:

Theorem:

Note:

Example 15:

Try it yourself:
Problem 2i:

Upper bound &
Lower bound

noavhakhe

Anclement a e A is called a greatest clement of A if x <aforall xe A
An clement a € A s called a least element of A if a < x forall xe A.

Find the greatest & least clement of the following posets:
(a) A, the set of non negative real numbers with the usval partial order

=
(®) A=P(S) where S={abc}
(¢) Z. with the usual parhal order of <,

(d) A={x\\ s a real number & 0< x < 1} with the usual partial order <.

(€) A=y 2,

3.4,6,12.18.24.36} with the partial order of divisibility,

A poset has at most one greatest element & at most one least element.

The greatest clement of a poset. if it exists. is denoted by 1 & is often called

the umt element

The least element of a poset, if it exists, is denoted by 0 & is often called the

zero element.

Determine the greatest & least elements. if they exist, of the poset:

(a) ®) e
O
\s C <

2 A b

Determine the greatest & least elements. if they exist, of the poset:

(a) (®)
g Y
>
1
\ v I

(¢) A={x|x is a real mumber & 0 < x < 1}with the usual partial order <.

pavlakhi.studio navlakbiorg
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(d) A={2,4,6,8,12,18,24,36,72 } with the partial order of divisibility.

Consider a poset A & a subset B of A. Anelement a € A is called an upper

bound of Bif b <aforallbe B.

Consider a poset A & a subset B of A. Anelement a € A is called an lower

bound of Bifa<b forallbeB.
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Example 16:

Least Upper Bound
(LUB) & Greatest

Lower Bound (GLB)
Note:
Example 17:
Theorem:
Example 18:
Try it yourself:
Probiem 22:
®
novhakhi

Consider a posct A={a,b,c.d.e.f.g.h}, whose Hasse diagram is shown below:

¥ )
i) v
C

L VO

Find all upper bounds & lower bounds of the following subsets:

B = {ab} B;={c.de}

Anelement a € A is called a least upper bound (LUB) of B if a is an upper

bound of B & a <a’, whenever a’ is an upper bound of B.

An clement a € A is called a greatest lower bound (GLB) of Bif ais a
lower bound of B & a’ < a, whenever a’ is a lower bound of B.

The upper bound of (A, <) corresponds to the lower bound of its dual (A,>). &
The lower bound of (A.<) corresponds to the upper bound of its dual (A.>). E
The least upper bound of (A.<) corresponds to the greatest lower bound of =%
its dual (A.>). &
The greatest lower bound of (A.<) corresponds to the least upper bound of ©
its dual (A,>). 3
=
Find all LUB & GLB of B, & B; in example 16. _2
-
Let (A,<) be a poset. Then a subset B of A has at most one LUB & at most 'g
one GLB. s
Let A={1.2,3.4.5....,11} be the poset whose Hasse diagram is: 2
{ r}
\0 =
q e 8 E:‘:
5 1 H
T =
3
)
Find LUB & GLB of B={6.7,10), if they exist. %
_ -
Find (a) all upper bounds of B (b) all lower bounds of B (c) the LUB of B .§
(d) the GLB of B. 2
£
0] 2
10 3
%
a

Naviakhi®
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(i) \ //‘5 P)—,Q\\\l\

>
Vv
N
(i) k a
¥ VoL
¢ £
» =
2
N H
(-]
@) 'g
§
F
-]
LERER) éf :
2
-~ ]
ERTHN LS
=
=
Problem 22: Find (a) al! upper bounds of B (b) all lower bounds of B (¢) the LUB of B :::.
(d) the GLB of B. H
(1)  (A.S) is the poset of figure (i) above & B={b,g.h}. 3
() (A,<)is a poset of figure (iv) above & B={4,6,9} 5
(1)  (A,<)is a poset of figure (iv) above & B={3,4.8} 2
(iv) A=R & < dcnotes the usual partial order. B={x|x is a real §
number & 1<x<2}
(v) A=R & < denotes the usual partial order. B={x|x is a rcal E
number & 1<x<2} 3
(vi) A=P({abc}) & < denotes the partial order of containment; é
B=P({a.b}) a
]
®
novhokhi Navlakhl’
el
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(vil) A={23.4.68.12.24.48} & < denotes the partial order of
divisibility, b={4.6,12}.

LATTICES:

What is a lattice? A lattice is a posct (L.<) in which every subsct {a.b} has a least upper bound
& a greatest lower bound.

Notation LUB({a.b}) is given by aVb called joinof a & b.
GLB({a,b})isgivenbya bcalled mectofa &b

Example 19: Let S be a set & L=P(S) & let = be the partial order on L. Show thatL is a
latuce.

Example 20: Consider the poset (Z',<) where a<b if & only if ajb. Is the poset a lattice.

Example 21: Let nbe a positive integer & let D, be the set of all positive divisors on n. Is
D, a lattice? Draw the Hasse diagram for D2 & Dso.

Example 22: Which of the following Hasse diagrams represent a lattice?

b

e ¢ 5 mtd’
¢ J £<!>J ¢
L A A C e
N a

J = f
I
a N

naviakhiorg

navlakhi studio
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=

2

s

g

Note: If (L.<) is a poset that is a lattice, then (L,>) is a dual poset which too isa 3

lattice. The LUB of a & b in (L, <) is the GLB of a & b in (L,>) & vice versa. _g

-

Theorem 3: If (L1,<) & (L.<) are lattices, then (L,<) is a lattice, where L=L) X Lo, & 4

the partial order < of L is the product partial order. é

(-]

Note: (a1,b))V(az,b2) = (a1 Via:.b1 V2 bo) £

g

-

=2

a

a

Example 23: FindL =L, X L.. .
novakht’ Navlakhi
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7

" C‘/

Sublattice A nonempty subset S of lattice (L) is called a sublattice of L ifaVb e S &

a beSwhenever aeS & beS.

Example 24: A N X’ /\/ b
Y L k
A A
| >
b
“<<E>> « 0NV Q
Q

Which of the following is a sublattice of the above lattice. E‘

Properties of Lattices: é:
Note: &

3

z

2

F

=

3

3

Theorem 4: @) aVb =bif & only if a<b L )
A =

@ aAk=a {/Hco.dj'} Ai L E

3 -1

@ afb-=o =V :

Example 25: Is a linearly ordered poset a lattice. ';
]

Theorem 5: Idempotent Properties g
ava = AQa g

A 2

novAakh® Navlakhr®
/._ %
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Theorem 6: )

Types of Lattices:
Bounded Lattice:

Example 26:

Example 27:

Theorem 7:

Distributive lattice:

nowakhl

Commutative Properties
M \/b‘— bvf)\
nAb > 2N

Associative Pmpcm‘s[ EV() "(ﬂ v )I/c

;A[bﬁ)"@”gﬂc

(R

Absorption P;))[pe]r't/ie; fA f I)} &

oa(avh) >4

=
=
=
A< 1} Hetn A VC ;( Bl/c é
l aN¢ £ bne s
< 0 ‘} ] v )
Whaady cgadb 3
b X ¢ $d Hn il

4N¢ & brte! g
=
A lattice L is said to be bounded if it has a greatest element I & has a least =
element 0. =
=
Is the lattice Z under the usual partial order < bounded? %
Consider the lattice P(S) under the partial order of <. Is the lattice E
bounded? - é‘
=
LetL= {a)az,........, a,} be a finite lattice. Then L is bounded. .
*
A lattice L is called distributive if for any elements a,b & ¢ in L we have the é
following distributive properties. 3
=

Naviakhi®
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an(bve) = ab) vfat)
av (bA¢) - (avkb) Apve)

If L is not distmibutive we say that L is nondistributive,

Example 28: Is the lattice of Example 27 distributive?
Example 29: Is the following lattice distributive?
k-
‘o '
Example 30: Show that the lattice given below is nondistributive.
= 2
. e g
Q e,
=
Q ( ¢
=
¢ - §
8
L 2
:
3
0 H
£
Theorem 8: A lattice L is nondistributive if & only if it contains a sublattice that is g
isomorphic to one of the two lattices. H
=
Complement of an Let L be a bounded lattice with greatest element I & least element 0, & agL. a
element An clement a’eL is called a complement of a if &
— Q= L
ava = L a/ 3
’/ 2
Wt - o< = | =
:
‘ |
Example 31: For lattice of Example 30 find the complement of each element 2
H
®
NnoavAakhi Navlakhi®
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Note: An element a in a lattice need not have a complement & it may have more
than one complement.
Theorem 9: Let L be a bounded distributive lattice. If a complement exists, it is unique,
Complemented A lattice L is called complemented if it is bounded & if every element in L
Lattice has a complement.
Example 32: Is the lattice of Example 27 complemented?
Example 33: Are the lattices of Example 30 complemented?
Isomorphic Lattices:
Isomorphic Lattices Iff:L) = L:is an isomorphism from the posct (L1,<1) to the posct (L2,<2),
then if a & b are elements of L1, then —
, 3
If two lattices are isomorphic then we say they are isomorphic lattices. -
-
L]
Example 34: Let S={a,b,c} & L=P(S). Prove that (L, = ) is isomorphic to Ds. :
2
=
g
-
-
-
3
3
=
2
—
3
2
3
=
-]
=
=
-
3
3
oud
3
3
»
2
g
B
|
K
z
=
®
noavakhi Naviakhi®
—



